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a b s t r a c t
Surrogate modeling is a useful tool for enabling uncertainty quantiﬁcation (UQ) tasks that require many
expensive model evaluations, as it replaces expensive high-ﬁdelity models with cheap-to-evaluate surrogates. This paper investigates sparse polynomial chaos and Kriging methods for surrogate modeling of
ﬁrst-principles models with probabilistic uncertainty in parameters and initial conditions. The surrogate
modeling methods are demonstrated on a 2-dimensional population balance (2D-PB) model for batch
cooling crystallization of ibuprofen with 20 uncertain parameters. Our analysis indicates that not only
sparse polynomial chaos expansions are powerful for probabilistic UQ, but also the approximation accuracy of Kriging surrogate models can be signiﬁcantly improved when polynomial chaos expansions are
used to describe their trend. A basis-adaptive least-angle-regression strategy is shown to be particularly
useful for inducing sparsity in polynomial chaos expansions, allowing for dealing with problems with a
relatively large number of uncertain inputs. The utility of sparse polynomial chaos- and Kriging-based
surrogate models is illustrated for various forward and inverse UQ problems, including global sensitivity
analysis as well as Bayesian and maximum a posteriori parameter estimation of the 2D-PB model, where
massive savings in computational cost (up to 30,0 0 0-fold) are observed.
© 2020 Elsevier Ltd. All rights reserved.

1. Introduction
High-ﬁdelity models based on ﬁrst principles are indispensable
tools for describing and understanding the complex behavior of
technical systems. Nonetheless, ﬁrst-principles models are generally subject to various sources of uncertainty. These include: 1)
model structure uncertainty due to, for example, incomplete system knowledge in describing chemical reaction kinetics or physicochemical phenomena, e.g., nucleation, growth, and agglomeration
in particulate processes, 2) uncertainty in model parameters and/or
initial conditions, e.g., uncertainty in kinetic parameters, and 3)
experimental uncertainty, e.g., measurement noise. The existence
of uncertainty in model predictions, along with the intricate interplay between the various sources of uncertainty, poses an important challenge when applying high-ﬁdelity models in decisionsupport tasks such as parameter estimation Renardy et al. (2018);
Hermanto et al., 2008, optimal experiment design Huan and Marzouk (2013); Streif et al. (2014), or optimal control Paulson and
Mesbah (2019). Hence, it is crucial to quantify and analyze the im∗

Corresponding author.
E-mail address: mesbah@berkeley.edu (A. Mesbah).

https://doi.org/10.1016/j.compchemeng.2020.106814
0098-1354/© 2020 Elsevier Ltd. All rights reserved.

pact of model uncertainty on the predictions of quantities of interest (QoIs), particularly to ensure compliance of processes and
products with safety and regulatory requirements.
In recent years, computational methods for eﬃcient uncertainty
quantiﬁcation (UQ) have been the subject of intense research in
science and engineering (e.g., see Najm (2009); Russi et al. (2010)).
UQ consists of the forward problem of propagating uncertain
model inputs to predictions of QoIs as well as the inverse problem of estimating unknown model inputs from measurements under experimental uncertainties. There is a variety of approaches
to forward UQ. In deterministic perturbation methods, a model
is run using perturbed inputs around their assumed values to
characterize how the QoIs are affected Elishakoff et al., 1994;
Ma and Braatz (2001); Gunawan et al. (2002); Sudret (2008);
Kim et al. (2013). Alternatively, probabilistic UQ methods look to
obtain probability distributions of QoIs by propagating the distribution of uncertain inputs through a system model. To this
end, Monte Carlo-based (MC-based) methods are widely used for
sample-based approximation of the QoI distributions Nagy and
Braatz (2007). A useful feature of MC-based methods is that their
convergence rate is independent of the number
of uncertain in
puts. That is, the convergence rate is O(1/ Ns ) as the number of
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samples Ns → ∞ Caﬂisch, 1998. This is particularly advantageous
for UQ of complex dynamical systems with a high uncertainty dimension. However, the error convergence rate is slow, often requiring a large number of samples to achieve acceptable accuracy. As
such, even for a moderate number of uncertain inputs (on the order of 10), a large number of samples may be required to achieve
accurate uncertainty propagation, which can make the UQ tasks
computationally prohibitive. In MC-based UQ, this computational
challenge is further compounded with the cost of running expensive high-ﬁdelity models.
This paper looks to demonstrate the utility of surrogate modeling (also known as metamodeling) for fast UQ of complex systems. Surrogate models are computationally cheap-to-evaluate surrogate representations of high-ﬁdelity, expensive-to-run, models
Maceiczyk and Demello (2014); del Rio-Chanona et al. (2019). The
key notion is to construct surrogates for high-ﬁdelity models using
a limited amount of simulation training data, such that the highﬁdelity simulations are used as “black-box” (i.e., without any modiﬁcation of the governing equations) Schenkendorf et al. (2017);
Luu Trung Duong et al. (2018). Surrogate modeling has been shown
to be useful for performing expensive UQ tasks that require predicting QoIs for many random realizations of the uncertain model
inputs Zhang and Sahinidis, 2013; Sudret et al. (2017). As such, surrogate models are particularly advantageous for sample-based estimation of probability distribution of QoIs, or their statistical moments.
In this work, we investigate sparse polynomial chaos Blatman,
Sudret, 2011 and Kriging Hu and Mahadevan (2016) methods for
surrogate modeling of ﬁrst-principles models that are subject to
time-invariant, probabilistic uncertainty in parameters and initial conditions. The surrogate modeling methods are demonstrated
on a two-dimensional population balance (2D-PB) problem. PB
models are widely used for describing disperse, multi-phase systems in physics (e.g., statistical physics Smoluchowski (1916)), industrial processes (e.g., crystallization, colloidal coalescence, reactive precipitation Hulburt and Katz (1964); Randolph (1964);
Mesbah et al. (2011)), and more recently medical research (e.g.,
cancer or leukemia progression Ramkrishna and Singh (2014);
Solsvik and Jakobsen (2015)). The fact that dynamic PB models become computationally excessively expensive in two or higher dimensions (e.g., when crystals are modeled as 2D objects, or when
external spatial coordinates are considered Ramkrishna (20 0 0);
Marchisio and Fox (2013); Sherer et al. (2007); Jakobsen (2008);
Marchisio and Fox (2013)) warrants the use of surrogate modeling
for their fast UQ.
We consider a 2D-PB model of batch cooling crystallization
of ibuprofen with probabilistic uncertainty in 20 parameters related to the kinetics of growth and dissolution, as well as to the
physico-chemical properties of the crystals Maggioni et al. (2017);
Crose et al. (2015); Ma and Roberts (2018). We ﬁrst demonstrate
the effectiveness of a basis-adaptive least-angle-regression strategy
Blatman, Sudret, 2011 for building sparse polynomial chaos surrogate models that can handle the relatively large number of uncertain parameters in the 2D-PB model. We then explore polynomial chaos-Kriging surrogate models, where polynomial chaos expansions are used as the trend (or mean) of the Kriging surrogate
model, leading to improved predictions of the global behavior of
QoIs compared to using generic polynomial trends. At the same
time, the variance of local Kriging predictions allows for quantifying the uncertainty of predicted QoIs Schöbi and Sudret (2014).
Finally, the utility of surrogate models is illustrated for a variety
of forward and inverse UQ problems, including global sensitivity
analysis as well as Bayesian and maximum a posteriori parameter
estimation of the 2D-PB model.
The remainder of the paper is structured as follows.
Section 2 discusses the sparse polynomial chaos and Kriging

surrogate modeling methods. Section 3 introduces the 2D-PB
model of the batch cooling crystallization process, followed by
performance analysis of the different surrogate modeling methods.
Section 4 demonstrates the application of surrogate modeling
for fast probabilistic UQ. The paper is concluded by discussing
potential avenues for future research.
2. Overview of surrogate modeling methods
Consider a computationally expensive, ﬁrst-principles model M
that describes a physical system and contains M uncertain inputs (i.e., model parameters and/or initial conditions), denoted by
ξ = {ξ1 , ξ2 , . . . , ξM }, ξ ∈ IRM . Uncertainty in model parameters and
initial conditions can be represented by a random variable  with
some joint probability density function (pdf) f , from which random realizations ξ are drawn. The support of this joint pdf is D .
“a remove”. The model M is a mapping in the form of M : IRM →
IRN from the space of uncertain inputs to the space of N quantities
of interest (QoIs) predicted by the model. This mapping does not
have to be known explicitly; hence, the model can also be a “blackˆ denote an approximation of the mapping M and Y a
box”. Let M
vector representing the QoIs

ˆ ().
Y = M() ≈ M

(1)

ˆ is a so-called surrogate model that can be
The approximation M
used to replace the original model M. We denote the predictions
of the surrogate model as Yˆ , such that Yˆ = Y + , where  denotes
the error on the predictions. All surrogate modeling methods disˆ through
cussed in this paper have a representational form of M
continuous functions, scaled by some coeﬃcients. In order to estimate the unknown coeﬃcients of the surrogate models, it is imperative to use training data, referred to as experimental design (ED).
There are many methods to generate the ED, such as Monte Carlo
(MC) sampling, Latin Hypercube sampling (LHS) Shapiro (2003), or
Sobol’ sequences Sobol’ And and Levitan (1999). The experimen = {ξ , ξ , . . . , ξ } with cortal design consists of Ned samples 
    1 2  Ned

responding responses Y = {M ξ1 , M ξ2 , . . . , M ξN }. Note that
ed

the quantity and quality of the training data directly affect the
quality of the surrogate model approximation.
There are various approaches for estimating the coeﬃcients of
surrogate models. We primarily focus on non-intrusive methods
that have attained substantial attention recently Jones et al. (2013),
and usually involve solving some nonlinear regression problem.
The advantage of non-intrusive approaches is that they do not rely
on implicit equations for the QoIs or any manipulations of the
equations, contrary to the intrusive Galerkin methods Ghanem and
ˆ is established, its caSpanos (1991). Once a surrogate model M
pability to reproduce the responses of the original computational
model M should be veriﬁed. Whenever the data are limited and
must be used both for training and validation, one can resort to the
so-called “leave-k-out” cross-validation Goodfellow et al. (2016).
The leave-one-out (LOO) cross validation error estimate,  loo , is
known to prevent overﬁtting and is generally preferred in statistical learning models. The LOO error is deﬁned as

 
 2
i
ˆ \i ξ i
ξ
−
M
i=1
  
2 ,
Ned
i
ξ
M
−
μ

i=1
Y

Ned

loo =



M

(2)

ˆ \i denotes the surrogate model constructed without takwhere M
ing the ith experimental design realization into account and μY is
the empirical mean of the training set.
The generalization capability of a surrogate model, however,
may be overestimated when relying only on the LOO crossvalidation error. Therefore, we introduce another crucial performance assessment metric, the validation error, val , based on Nval
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samples different from those used to generate the training set. The
validation error is deﬁned as

val =

N

val


−1

Nval

where μY

val

 
 2
ˆ ξi
ξi − M
  
2 ,
Nval
i
ξ
M
−
μ
val
i=1
Y

Nval

i=1



M

(3)

is the empirical mean of the validation samples. Typi-

cally, Nval should be a few orders of magnitude larger than Ned to
ensure a reliable assessment of the generalization of the surrogate
model. To summarize, the surrogate model coeﬃcient estimation
generally relies heavily on the LOO cross-validation error, as it is
estimated based on the training data. If a validation set is available, it can be used to ensure the predictive capability of the surrogate model. In this work, we use random samples from the original, expensive-to-evaluate model to validate the results of the surrogate models. In a real application, however, cross-validation error could be used to estimate the accuracy of the surrogate model.
Moreover, although we extensively sample the original model in
this work one could also use a much lower number of samples to
get similar information about the validation error at the expense
of loss in the validation error accuracy. We now present the polynomial chaos- and Kriging-based surrogate modeling methods considered in this work.

ya a ().

(4)

a∈ N M

The basis functions  α () in the expansion of Y are multivariate
polynomials (orthogonal with respect to f ) and ya are the coeﬃcients of the basis functions. N is the set of Natural numbers and
the multi-index α is an M-dimensional vector in N. In this form,
i.e., an inﬁnite series representation, an inﬁnite number of coefﬁcients is retrieved. The orthogonality condition holds over D ,
which is the support of the joint distribution f , and is deﬁned
as
E{α ()β ()} =

D

     
α ξ β ξ f ξ dξ = δαβ ,

∀ α, β ∈ N M ,
(5)

where δ αβ denotes the Kronecker delta. Constructing the orthogonal basis  α () relies on the form of the joint pdf of the uncertain inputs f . Expression (5) represents the tensor product of M
univariate polynomials that are orthonormal with respect to their
corresponding marginal density fξi . For several continuous and discrete probability distributions, optimal series convergence is established based on the Wiener-Askey scheme Xiu and Em Karniadakis (2002). Note that one may choose an arbitrary family of orthogonal basis functions for representing a given uncertain input
and the PCE will still be convergent. The Wiener-Askey scheme,
however, provides the optimal L2 -convergence rate with increasing polynomial order by the Martin-Cameron theorem Cameron,
Martin, 1947; Xiu and Karniadakis (2002). For arbitrary probability distributions, the orthogonal polynomials can be constructed
using the three-term recurrence procedure Gautschi (1982). When
the joint probability density f does not have an independent copula (i.e., the uncertain inputs are statistically dependent) an isoprobabilistic transformation, such as the Rosenblatt transformation,

ya a () = yT ().

ˆ PC =
Yˆ = M

(6)

a∈A

The order of the expansion is described by the multi-index a ∈ A,
where A ⊂ NM represents the set of the multi-indices kept in the
truncated expansion. The truncation scheme aims to limit the possible inﬁnite expansion to a series of maximum order p, so that
M,p
A
M+ p= {a : |a| ≤ p} and thus the cardinality of A is equal to P =
p . The coeﬃcients y of (6) can be determined by solving a
least-squares problem

y = argmin E



2

M() − yT ()

,

(7)

y∈RP

which seeks to minimize the discrepancy between predictions of
PC and the model M. When an ED is availthe surrogate model M
able, the coeﬃcient estimation problem can be solved analytically
by ordinary least squares (OLS) as

−1

yˆ = AT A

Polynomial chaos (PC) has been established as a popular
surrogate modeling method for estimation and optimal control
of uncertain nonlinear systems (e.g., Nagy and Braatz (2007);
Sudret
(2008);
Chaffart
and
Ricardez-Sandoval
(2017);
Wang et al. (2018)). Polynomial chaos expansions (PCEs) are
based on the assumption that a ﬁnite-variance QoI can be represented by an inﬁnite series Xiu and Em Karniadakis (2002)

Y =

that preserves the pdf of the uncertainty elements can be used
Paulson and Mesbah (2018a). In this work, we focus on uncertain
parameters whose joint pdf has an independent copula and whose
optimal univariate polynomial representation possesses an analytical expression based on the Wiener-Askey scheme.
For practical reasons, the expansion (4) must be truncated up
to a ﬁnite order. The truncated polynomial chaos expansion can be
cast as follows



2.1. Polynomial chaos expansions

3

,
AT Y

(8)

where matrix A is the so-called experimental
  or design matrix whose elements are deﬁned as Ai j =  j ξ i , i = 1, . . . , Ned , j =
1, . . . , P , i.e., the basis functions evaluated on the ED points. Accounting for more uncertain inputs in (6) drastically increases the
cardinality of A and, therefore, the number of coeﬃcients to be estimated. A similar challenge arises when increasing the surrogate
model complexity by adding higher order terms to the expansion.
To address these challenges, we look to introduce sparsity in the
expansion (6). First, the basic truncation scheme can be replaced
by the hyperbolic truncation scheme, also known as the q-norm
scheme,



A

M,p,q

= {a ∈ A

M,p

: ||a||q ≤ p}, ||a||q =

 1q

M

aqi

.

(9)

i=1

The main idea behind the hyperbolic truncation scheme is that the
high-order univariate polynomials for each single variable should
appear in the expansion, but high-order interaction terms are
omitted. This follows the sparsity-of-effects principle, indicating
that only low-order interactions in the uncertain inputs are relevant . For q = 1 the full basis is retained, while terms disappear
from the expansion as q decreases. Second, once a basis has been
constructed using the q-norm scheme, further sparsity effects can
be introduced by modifying the coeﬃcient estimation problem.

This is achieved by adding a regularization term ||y||1 = a∈A ya ,
which yields low-rank solutions and leads to the regularized estimation problem Hastie et al. (2015)

y = argmin E



2

M() − yT ()

+λ

y

1.

(10)

y∈RP

A key aspect in solving (10) is the proper choice of the regularization parameter λ ≥ 0, which affects the number of non-zero coeﬃcients retained in the expansion (6). The penalized problem can be
eﬃciently solved with the least-angle-regression (LAR) algorithm
Efron et al. (2004). Brieﬂy, LAR seeks to identify the polynomials
 () (known as “regressors” in the statistical literature) with the
greatest impact on the model responses among a large set of candidates based on a q-norm adaptive scheme Blatman, Sudret, 2011.
The convergence criterion of the LAR algorithm relies on  loo (see

4
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outputs. Hence, the kernel function provides a measure of similarity. The hyperparameters θ of the kernel function should be estimated along with β and θ . In the present study, we have chosen
a kernel function belonging to the class of separable correlation
functions Lataniotis et al. (2015)

R

M
 


ξ , ξ ; θ = R ξi , ξi ; θ i



(13)

i=1

and particularly the Matern correlation function

R

M
 
ξ, ξ ; θ =



i=1

1



√

2v−1 (v )

2v

| ξ i − ξi |
θi

v


Kv



√ | ξi − ξ |
i
2v
,

θi

(14)

Fig. 1. Sparse polynomial chaos with adaptive order and basis truncation.

(3)). We refer to PCEs constructed by using a hyperbolic truncation scheme and the LAR algorithm as sparse PC (sPC) expansions.
Fig. 1 shows the main procedure through which the sPC expansion
is constructed.
2.2. Kriging
Kriging, also known as Gaussian process Rasmussen and
Williams (2006), is a stochastic interpolation method that was initially adopted in spatial statistics Cressie (1990). In Kriging, the
predictions of the model M are approximated as realizations of a
Gaussian process, so that the surrogate model structure takes the
form

KG
Y =M

 
 
 
ξ = βT q ξ + σ 2 Z ξ .

M
 
  
βa qa ξ , qa ξ = ξ ai .

α∈AM,p

has a joint Gaussian probability density function. We deﬁne r(ξ )
as the cross-correlation vector that relates unseen realizations
ξ to the observations
from the ED through the kernel function

ri ξ = R ξ , ξ i ; θ , i = 1, 2, . . . , Ned . Let R(ξ , θ ) be the correlation
matrix between the ED samples whose terms are deﬁned as Ri j =


R ξ i , ξ j ; θ , i, j = 1, 2, . . . , Ned . The trend coeﬃcients and variance
explicitly depend on the hyperparameters θˆ through the following
expressions

  
−1
β θ = Q T R−1 Q Q R−1Y,

(15)

  1
T


σ 2 θ = Y − Q β R−1 Y − Q β ,

(16)

N

(11)

The ﬁrst term in (11) describes the trend of the Gaussian process,
which can assume different functional forms. The trend is analogous to the multivariate basis functions in polynomial chaos, as
it attempts to characterize the global behavior of the model response as a function of the uncertain inputs. A general choice for
the trend consists of polynomial functions. The second term in
(11), Z(ξ ), is a stationary Gaussian process (zero mean, unit variance) that describes the variance of the surrogate model predictions. Similar to polynomial chaos, the polynomial order in the
trend can be deﬁned through the multi-indices that belong to the
set AM,p = {a : |a| ≤ p}. Thus, the general form of the polynomial
trend can be given as

 
βT q ξ =

where v denotes the degree or shape parameter,
is the Euler
Gamma function, and K is the modiﬁed Bessel function of second
kind Rasmussen and Williams (2006). Although the Matern correlation function is a popular choice, other alternatives exist, such as
linear, exponential, and Gaussian kernels Moustapha et al., 2018.
We now discuss the calibration of a Kriging surrogate model,
i.e., the procedure of estimating the hyperparameters. Since Kriging is a stochastic interpolation method, the underlying Gaussian
process assumption is fundamentally related to the data used to
=
train the surrogate model. Consider an ED of Ned points 
{ξ1 , ξ2 , . . . , ξNed } with responses Y = {M(ξ 1 ), M(ξ 2 ), ..., M(ξ N ed )}.
Let Yˆ denote the predictions of a Kriging surrogate model on ran}
dom “unseen” uncertainty realizations ξˆ . Then, the vector {Yˆ , Y

(12)

i=1

The coeﬃcients β as well as the variance σ 2 should be estimated
using the available experimental design. The zero-mean Gaussian
process Z(ξ ) is determined by the so-called kernel function that deﬁnes a pairwise correlation
samples based on their


between input

mutual distance R ξ , ξ = R |ξ − ξ |; θ . The idea behind the use of
a kernel (or auto-correlation) function is that sample points that
are “close” (in the absolute distance sense) should produce close

where Q denotes the information matrix whose elements correspond to the Kriging trend evaluated at the training data so that
Qij = q j (ξ i ), i = 1, . . . , Ned , j = 1, . . . , p. The hyperparameters θˆ can
be estimated through a maximum likelihood (ML) problem of the
form Marrel et al. (2008)

θ = argmin
θ

T


1 
 − Q β (det(R ) )1/Ned .
Y − Q β R−1 Y
N

(17)

Alternatively, the hyperparameters can be estimated by solving a
cross-validation problem Bachoc, 2013. Various approaches exist
for solving the ML problem (17). An effective approach is the covariance matrix adaptation-evolution Scheme (CMAES), which belongs to the class of global optimization methods Hansen and Ostermeier (2001).
Once the hyperparameters and, subsequently, the Kriging surrogate model parameters β and σ 2 are estimated, the prediction of
model responses, assumed to obey a Gaussian distribution, attains
a mean and variance


 T
 T

μY = q ξ β + r ξ R−1 Y − Q β


−1    
T
q ξ




0
Q
T
T
σY2 = σY2 1 − q ξ r ξ 
.
 
r ξ
QR

(18)
(19)
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= S (t, x, L, z ),

2.3. Polynomial Chaos-Kriging
Recently, Schöbi and Sudret (2014) proposed combining polynomial chaos and Kriging to improve the global approximation capability of PCEs by leveraging the local interpolation scheme of Kriging. The sparse polynomial chaos-Kriging (sPCK) surrogate model
has a similar form to that of Kriging, with the notable difference
being the generic polynomial trend is substituted by a PCE

ˆ =M
ˆ sPCK
Y

 
ξ =

y a a

 
 
ξ + σ 2Z ξ .

(20)

a∈A

The model coeﬃcients estimation procedure is very similar to that
of Kriging. There are two strategies for estimating the polynomial chaos trend coeﬃcients as well as the Kriging kernel hyperparameters the sequential and optimal methods Schöbi and Sudret (2014). In both methods, the set of multi-indices A is determined by (9) through applying the LAR algorithm to increase the
sparsity of the expansion. Sequential PCK commences by estimating the optimal basis set for the trend independently. Then, the
PCE coeﬃcients are treated as the β parameters in Kriging, which
are estimated by solving the ML problem (17). On the other hand,
optimal PCK solves (17) for the hyperparameters at each step of
the LAR algorithm, i.e., each time new regressors are entered into
the expansion. sPCK has received less attention than sPC in the literature, but examples of application of sPCK can be found in the
works of Weinmeister et al. (2018) and Makrygiorgos et al. (2020).
3. Case study: Surrogate modeling of a 2D population balance
model
3.1. 2D Population balance model
3.1.1. General formulation of population balances
Consider a system consisting of many individual entities that
interact with one another and with the surrounding environment,
usually a continuous medium. Describing the evolution of each entity individually is computationally prohibitive, whereas modeling
the entities collectively as an ensemble is more convenient. Additionally, such a representation often provides a deeper insight into
the main physical features and properties of the system as a whole.
In population balance (PB) modeling, the constitutive entities are
called particles, while the ensemble itself population. Here, we assume that not only the medium is continuous, but also the population itself, f, is mathematically described by a continuous function. f represents the number distribution (or density) of particles
and depends on time, t, on the position in the physical space (i.e.,
the external coordinates x), and on a set of relevant properties
(i.e., the internal coordinates L). The choice of the internal coordinates depends on what the particles represent; in crystallization
problems they usually represent the crystal characteristic lengths,
while in cell population modeling the age or a speciﬁc genetic
trait. Each type of coordinates is deﬁned over a sub-domain, t ,
of f is given by the joint
x , and
L , respectively. The domain
space obtained from the Cartesian product
= t × x × L . In
this work, all coordinates are continuous variables. Note that the
population density f is not a proper probability distribution because its integral over
is not unit, but yields the total number
of particles per unit mass (or volume). However, f can be given an
intuitive probabilistic interpretation upon normalization. The evolution of f can be thought of as a motion in . During this motion, the number of particles may change due to sinks / sources
that consume / produce new entities, respectively. If the motion is
purely convective with velocity U in x and G in L , the conservation equation, usually known as population balance equation (PBE)
Ramkrishna (20 0 0), takes the form

∂ f (t, x, L )
+ ∇x · (U(t, x, L, z ) f (t, x, L )) + ∇L · (G(t, x, L, z ) f (t, x, L ))
∂t

5

(21)

where z is the vector of the relevant system states (e.g., temperature, concentration, pH) and S is the function representing the sink
and source terms. The solution of (21) requires appropriate initial
and boundary conditions. It is apparent that it is akin to the conservation equations of mass, thermal energy, momentum, or electric charge.
3.1.2. Benchmark case: 2D-PB model of batch cooling crystallization
We now present the PB model of batch cooling crystallization
of ibuprofen (i.e., solute) in ethanol (i.e., solvent). We assume that
the suspension within the vessel is well-mixed at any time and
that breakage and agglomeration do not occur in the system. Without loss of generality, we also assume that the process starts at
t0 = 0, i.e. t = R+ , and that at t0 the suspension is at the thermodynamic equilibrium for the given initial conditions.
The needle-like crystals are modelled as square-based prisms,
whose geometry is fully described by two characteristic lengths,
L1 ∈ R+ for the base and L2 ∈ R+ for the height. The characteristic
lengths are used as internal coordinates, i.e., L = [L1 , L2 ]T , hence
+
+
L = R × R . The crystal population constitutes a 2D distribution, called particle size and shape distribution (PSSD). Note that the
above deﬁnition of L assumes that the smallest possible crystal
is a (virtual) particle of null size in both L1 and L2 . For each characteristic length, the rate of change along the internal coordinates,
G, is given by the growth rates (for supersaturated systems) or by
the dissolution rates (for undersaturated systems). We assume that
G depends on thermodynamic variables, but not on L. Because the
crystals do not agglomerate or break, the only source term is represented by nucleation, J. This total nucleation rate is given by the
additive contribution of primary and secondary nucleation, with
rates Jp and Js , respectively. Under the above assumption, the PBE
(21) simpliﬁes to

∂ f (t, L1 , L2 )
∂ f (t, L1 , L2 )
∂ f (t, L1 , L2 )
+ G1 ( z )
+ G2 ( z )
∂t
∂ L1
∂ L2
= (J p (z ) + Js (z ))δ (L1 )δ (L2 ),

(22)

with initial and boundary conditions

f ( 0, L1 , L2 ) = f 0 ( L1 , L2 )

(23)

f (t, 0, L2 ) = 0

(24)

f (t, L1 , 0 ) = 0.

(25)

The initial PSSD, f0 , is modeled either as a (truncated) normal distribution (seeded processes), or as an identically null distribution
(unseeded processes). The PBE (22) is coupled with a material balance for the solute present in the solution

dc
dφ21
= −ρc kv
,
dt
dt

c ( 0 ) = c0 ,

(26)

where c is the concentration, c0 is the initial concentration, ρ c is
the crystal density, kv is the volume shape factor (equal to 1 for
a square-based prism), and φ 21 is the cross-moment of the PSSD.
The general deﬁnition of the cross-moment (ij) is

φi j (t ) =

+∞
0

+∞
0

Li1 L2j f (t, L1 , L2 )dL1 dL2 .

(27)

The elements of the state vector z in (22) are the temperature,
T, the supersaturation, S, and the system volume, V. The thermodynamic driving force of the crystallization phenomena is the supersaturation, S. For mildly non-ideal solutions and for compounds
whose activity coeﬃcients are independent of the concentration,
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the supersaturation is given by the ratio between the solute concentration and its solubility, cs , at the temperature T

S (T ) =

c
,
cs ( T )

(28)

where cs is given by the van’t Hoff expression



cs (T ) = k1 exp −

k2
T



.

(29)

The expression for each characteristic length j = 1, 2 of the
growth rate (S ≥ 1) follows the birth and spread mechanisms
Lindenberg and Mazzotti (2009), while that of the dissolution rate
is empirical of the form Mersmann (2001)

⎧
 g 
 g 
j,1
j,2
⎪
S>1
⎨g j,0 exp − T (S − 1 )1/6 exp − 2
T ln S


G j (S, T ) =
d j,1
⎪
(1 − S )d j,2 S < 1.
⎩d j,0 exp −
T

(30)
The primary nucleation is deﬁned according to the classical nucleation theory Debenedetti (1996); Kashchiev (20 0 0)

 a 
1

J p (S, T ) = a0 exp −

T



S exp −



a2
2

T 3 ln S

,

ξ

p

lb

ub

ξ1
ξ2
ξ3
ξ4
ξ5
ξ6
ξ7
ξ8
ξ9
ξ 10
ξ 11
ξ 12
ξ 13
ξ 14
ξ 15
ξ 16
ξ 17
ξ 18
ξ 19
ξ 20

α0
α1
α2

1.16
1.2
2.416
0.8
1.6
1.2
0.07
1.04
3.04
4.2
0.96
4.8
4.8
1.28
1.6
4.8
1.2
1.6
0.91
0.5497

1.74
1.8
3.624
1.2
2.4
1.8
0.13
1.56
4.56
7.8
1.44
7.2
7.2
1.92
2.4
7.2
1.8
2.4
1.69
1.021

b0
b1
b2
g1,0
g1,1
g1,2
g2,0
g2,1
g2,2
d1,0
d1,1
d1,2
d2,0
d2,1
d2,2

ρc
kv

(31)

which holds for S > 1, otherwise J p = 0. Similarly, for S > 1,
the secondary nucleation is given by the empirical law
Mersmann (2001)

Js (S, T ) = b0  b1 mbs 2 Ḡb3 = bmbs 2 Ḡb3 ,

Table 1
The list of 20 uncertain parameters in the 2D-PB model (22)–(32), which correspond to the kinetics of growth and dissolution and the physicochemical properties
of crystals. The uncertain parameters are assumed to follow a uniform distribution
on the support [lb , ub ].

(32)

where Ḡ is an average growth rate Salvatori and Mazzotti (2017),
and  is the turbulence intensity. For S < 1, Js = 0. The last equality on the right hand side of (32), with b = b0  b1 , is obtained by
assuming a constant  .
There is no analytical solution for the PBE (22). Among the
various numerical methods for solving PBEs Mesbah et al. (2009),
high-order ﬁnite volume methods are particularly suited for highresolution solution of population balances, are computationally
eﬃcient in the case of pure growth and nucleation phenomena, and easily generalize to n-dimensional PBEs LeVeque (2002);
Gunawan et al. (2004); Qamar et al. (2009). Thus, we used highresolution ﬁnite volume methods in this work to discretize the
PSSD along the 2D internal coordinates. The numerical oscillations induced by this method are suppressed by using a Van Leer
ﬂux-limiting function LeVeque (2002). The discretization along
the internal coordinates transforms the PBE into a set of ordinary differential equations along the temporal coordinate, solved
with explicit time integration and subject to the CFL condition
Gunawan et al. (2004). Numerical solution of the 2D-PB model
(22)-(32) is relatively expensive. A typical run of the model for a
simulation time of one hour takes approximately 15 to 20 s. This
can lead to excessive computation times in UQ tasks that require
many (i.e., on the order of 105 to 106 ) model evaluations.
Here, we consider 20 uncertain parameters in the 2D-PB model
(22)–(32), as listed in Table 1 (i.e., M = 20). The uncertain parameters are assumed to follow independent uniform distributions
ξ ∼ U (l b , ub ), where lb and ub denote the lower and upper bounds
of the distribution support. The nominal values of each parameu +l
ter are ξmean = b2 b . The joint probability density has an independent copula. The uncertain parameters
 and QoIs
 are scaled so that
they attain values on the order of O 10−1 − 1 . Let ξˆi denote the
unscaled uncertainties, which can be written as ξˆi = oi ξi . The supports [lb , ub ] of the marginals are deﬁned symmetrically for each
uncertain parameter and set to ± 20% or ± 30% of the corresponding mean value.

The QoIs consist of the solute concentration c, the crossmoment φ 21 , and the average crystal lengths 
L1 and 
L2 (i.e., N = 4).
The characteristic quantities that non-dimensionalize and scale the
QoI are deﬁned as the nominal solution values at the ﬁnal time
step. The nominal solution is obtained for the realization that corresponds to the mean values of the parameters. The QoIs are sampled at nt = 15 discrete time steps over a ﬁxed simulation time
horizon. The simulation time is set to t f = 3600 s and the solution
is available on 10 0 0 equally-spaced time steps through interpolation from the solution with a time-adaptive integrator. The nt sampling times are

t = {396, 648, 936,1080, 1368, 1440, 1872, 2160, 2340,
2556, 2700, 2880, 3060, 3276, 3600} s.
For each QoI at each sampling time, we construct a separate surrogate model, so the dynamics are captured through nt × N mapˆ : IRM → IR.
pings of the form M
3.2. Performance of surrogate models
In this section, we compare the performance of the different
surrogate modeling methods presented in Section 2. The speciﬁc
choices for constructing the surrogate models are as follows. To
build the polynomial chaos (PC) surrogate model, we choose an
adaptive order scheme with varying orders from 1 to 3, where
the coeﬃcients are estimated using ordinary least squares (OLS).
Note that using fourth order polynomials in the full PCE would
increase the cardinality of A by an order of magnitude, leading
to out-of-memory computations. A similar basis-adaptive approach
is taken for building the Kriging (KG) surrogate models. The order of the trend p in (11) varies from 1 to 2, the surrogate models of both orders are computed and the surrogate model with
the least leave-one-out error is stored. Usual choices for the shape
factor of the Matern kernel function are v = 3/2 or v = 5/2; we
choose the latter. Sparse polynomial chaos (sPC) and sparse PCKriging (sPCK) offer greater ﬂexibility in selecting the polynomial
basis order, which is varied from 1 to 15. In fact, due to sparsity,
a plethora of terms are dropped. For the sPCK model, we employ
the sequential PCK procedure Schöbi and Sudret (2014). Moreover,
in both sPCK and sPC, the truncation norm q is varied from 0.7
to 0.8. Note that in the PC-based surrogate models, the univari-
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Fig. 2. Time required to train the sPC, PC, sPCK, and KG surrogate models in relation to the experimental design size Ned . The total time t corresponds to the time
needed to construct the surrogate models for the four quantities of interest at the
desired times (i.e., nt × N).

ate basis functions are chosen as Legendre polynomials, which are
the optimal choice for the uniform distributions of the uncertain
parameters. The surrogate model construction is performed using
UQLab in MATLAB Marelli and Sudret (2014). For the error convergence study and performance assessment of each surrogate modeling method, 12 experimental designs are used with sizes Ned =
{80, 120, 160, 200, 260, 320, 400, 500, 600, 700, 800, 1000}. The experimental designs are constructed using the Latin Hypercube
Sampling (LHS) method by deﬁning an initial set of points and sequentially enriching it until the maximum design size is reached.
First, we compare the computation time required to train each
surrogate model. Fig. 2 shows the total time to construct the PC,
sPC, sPCK, and KG surrogate models for all QoIs at the desired
times (i.e., nt × N surrogate models in total for each method) as
a function of ED size. We compare all methods by allocating approximately the same time to construct the surrogate models. The
PC expansions are the least time consuming to build. This can be
attributed to the fact that the coeﬃcient estimation via OLS has an
analytical solution, where the crucial step is the inversion of the
experimental design matrix. Generally, it is more expensive to train
sPCK than sPC surrogate models: sPCK requires both the LAR basis
adaption step and the hyperparameter optimization, while sPC relies only on the former. Kriging requires approximately the same
amount of time as sPC, given that linear and quadratic trends are
used in (12). We observed that adding a cubic trend would dramatically increase the time required for reﬁning the Kriging hyperparamters, but did not improve signiﬁcantly the accuracy of the
surrogate model.
Next, we discuss the error convergence analysis. For brevity,
only the QoIs 
L1 and 
L2 (i.e., the average crystal lengths in 2D) at
time 2556 s are considered for this analysis. We begin by inspecting the validation errors computed by (3) as a function of the ED
size. The validation set consists of Nval = 20 0 0 0 points. To standardize the error analysis, let us assume that the error scales as
n , where n is the leading scaling order LeVeque (2007).
val = cNed
In the logarithmic scale, the scaling equation takes the form

l og10 (val ) = l og10 (c ) + nl og10 (Ned ),

(33)

which shows a linear relationship between the logarithm of the
error and that of the ED size.
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Fig. 3. Validation errors for the polynomial chaos surrogate models for 
L1 and 
L2
at sampling time t = 2556 s. Symbols correspond to the errors computed for each
ED size while the lines represent the leading order ﬁt. Triangles/solid lines correL2 . The estimations of sPC are
spond to 
L1 , while circles/dashed lines correspond to 
denoted with red, while PC with green. A leading order ﬁt of the error is superimposed for the validation errors. (For interpretation of the references to colour in
this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 3 shows the validation errors for the PC and sPC surrogate models as a function of the ED size for the two QoIs in the
logarithmic scale. As expected, Fig. 3 indicates that the PC surrogate models perform much worse than sPC, with validation errors
that are approximately two orders of magnitude higher. This suggests that the model responses cannot be captured reliably with
cubic polynomials in the PC models. On the other hand, sPC have a
larger representational capability due to sparsity effects, as higher
order terms appear in the expansions. In addition, the cardinality
of the basis becomes excessively large in the PC models, even for
quadratic or cubic expansions, so that the available training data
are less than the number of the coeﬃcients to be estimated. LAR
alleviates this issue in sPC by entering at most Ned terms in the
expansion Blatman, Sudret (2013).
On the other hand, Fig. 4 suggests that, as the ED size increases,
the log10-validation error of sPCK and KG keeps decreasing and
for large ED it is well below O (−3 ). Nevertheless, using orthogonal polynomials as the trend improves the predictions by approximately an order of magnitude for both QoIs (
L1 and 
L2 ). This is due
to not only the optimal basis representation in the trend, but also
the fact that the polynomial trend in the sPCK surrogate model
(20) allows for a higher order approximation.
Overall, sPC and sPCK surrogate models exhibit comparable performance in terms of their predictive capability. This implies that
there do not exist signiﬁcant local variations in the 2D-PB model
under consideration, which a high-order polynomial approximation
cannot capture. Generally, it is expected that the use of a larger
training set would result in more accurate surrogate models. However, the error convergence results (Figs. 3 and 4) reveal that for
some experimental designs, especially for small sized EDs, there is
an irregular non-monotonic behavior of the validation error as a
function of the ED size, especially for the Kriging model. This nonmonotonic behavior can be due to the speciﬁc training procedure
in each case. In fact, the validation errors are implicit functions
of the quality of the ED points, the quality of the validation set,
and the hyperparameter optimization of the surrogate models. A
similar non-monotonic behavior in error convergence was also observed in Yamazaki (2015); Harenberg et al. (2019).
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Fig. 4. Validation errors for the Kriging-based surrogate models for 
L1 and 
L2 at
sampling time t = 2556 s. Symbols correspond to the errors computed for each ED
size, while the lines represent the leading order ﬁt. Triangles/solid lines correspond
L2 . The estimations of KG are deto 
L1 , while circles/dashed lines correspond to 
noted with orange, while sPCK with blue. A leading order ﬁt is superimposed for
the validation errors. (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)

Furthermore, we perform an estimation of the leading scale order of the validation errors as a function of the ED size. The computed leading orders are the average of the predictions of the two
QoIs. It is evident from Fig. 3 that the PC models exhibit discontinuity in the error, so that the convergence rate cannot be estimated by a single line over all considered ED sizes. Nevertheless,
PC models exhibit a convergence rate of approximately O (−0.6 )
for larger EDs, which is the lowest among all the surrogate models. The KG surrogate model shows the second slowest convergence
with a rate of O (−1.7 ). The leading orders for the sPC and sPCK
are O (−2.18 ) and O (−2.25 ), respectively. This suggests that these
surrogate models show a nearly quadratic convergence rate in relation to the ED size. The previous error analysis was based on
the validation error, assuming that there is enough data in order
to construct a validation set. The  loo error, which is available directly from the training data, is another potential candidate for estimating the predictive capabilities of the various surrogate models. Fig. 5 shows the cross-validation, leave-one-out error  loo , and
the validation error val for the QoI 
L1 for the sPC and sPCK surrogate models. As can be seen, the LOO error follows the same trend
as the validation error, so that in the absence of a validation set
it can potentially be used to estimate the accuracy of the surrogate models. However, the LOO errors tend to be smaller than the
validation errors.
The performance of surrogate models is also assessed by examining the parity plots, which can provide insights into the error
sources, i.e., identifying where inconsistencies between the origiˆ lie. For brevity, we only
nal model M and the surrogate model M
present the parity plots for one QoI, that is, the average length

L1 at t = 2556 s. Fig. 6 shows the parity plots for the KG and PC
surrogate models. As expected from the error convergence results,
when the size of the ED increases, the surrogate model predictions
will become more accurate. In addition, for surrogate models with
worse predictive capability, the surrogate model predictions deviate from the y = x line. Given a limited amount of training data,
this can be attributed to the fact that the adopted training set may
be richer in samples that are closer to the nominal values of the
uncertain inputs and, thus, lack samples for model responses that
are less likely to occur.

Fig. 5. Validation and LOO error convergence plot for 
L1 at sampling time t = 2556
s. PCK errors are denoted by blue color and sPCE errors by red color. Square symbols correspond to the validation error and circles to the LOO error. A leading order
ﬁt of the error is superimposed for both validation and LOO errors. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the
web version of this article.)

Fig. 6. Parity plots for the KG (orange symbols) and PC (green symbols) surrogate
models for different experimental design sizes. (For interpretation of the references
to colour in this ﬁgure legend, the reader is referred to the web version of this
article.)
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4.1. Global sensitivity analysis
Surrogate models are invaluable tools for UQ problems that
rely on Monte Carlo (MC) sampling where a signiﬁcant number
of model evaluations is often necessary. One such application is
global sensitivity analysis (GSA). In contrast to local sensitivity
analysis that typically involves computing gradients of QoIs around
a nominal value, GSA accounts for the entire domain of uncertain
inputs to estimate the sensitivity of QoIs.
First, we introduce the Sobol’ indices Sobol (1993);
Sudret (2008). For simplicity of notation, we assume uniform
uncertain inputs with support D = [0, 1]M . The model response
is assumed to take the following form, which is known as the
analysis of variance (ANOVA) representation

M

 
ξ = M0 +

M

M

M i ( ξi ) +

i=1

Mi j

 
 
ξi j + . . . + M1,2,...,M ξ ,

1≤i≤ j≤M

(34)

 
where M0 is the expected value of the response M ξ over the
input space, while the integrals of the summands over their variables obey
1
0

Mi1 ,...,is




ξi1 , . . . , ξis dξik = 0, 1 ≤ k ≤ s.

(35)

The ordered set 1 ≤ i1 < . . . < is ≤ M, s = 1, . . . , M represents a subset of the uncertain inputs. For functions integrable over D ,
whose input variables are independent, the expansion (34) can be
shown to be unique Sobol (1993). The constant and summation
terms in (34) are computed recursively as

M0 =

D

M i ( ξi ) =

Mi j
Fig. 7. Parity plots for the sPCK (blue symbols) and sPC (red symbols) surrogate
models for different experimental design sizes. (For interpretation of the references
to colour in this ﬁgure legend, the reader is referred to the web version of this
article.)

Fig. 7 shows the parity plots for the sPC and sPCK surrogate
models. Both surrogate models provide accurate predictions even
for the smallest ED, which is expected from their low validation. These results highlight the usefulness of leveraging sparsity
in dealing with the relatively high uncertainty dimension of the
2D-PB model. Generally, sPCK and sPC surrogate models are expected to have comparable performance, as was also reported in
Schöbi and Sudret (2014). Whether the auto-correlation function
improves the sPC accuracy is a matter of the complexity of the uncertainty propagation due to the model at hand, which is generally
not known a priori. Moreover, sPCK provides the conﬁdence intervals of the surrogate model predictions that can be a useful feature
in many UQ applications.
4. Surrogate models for uncertainty quantiﬁcation
In this section, the application of the sparse polynomial chaos
and polynomial chaos-Kriging surrogate models is demonstrated
for fast solution of various forward and inverse uncertainty quantiﬁcation problems for the 2D-PB model. This includes global sensitivity analysis as well as Bayesian and maximum a posteriori parameter estimation.



M
1

 
ξ dξ
···

0


ξi , ξ j =

1
0

(36)

1
0

M

···

 
ξ dξ ∼i − M0

1
0

M

(37)

 
 
ξ d ξ ∼ ( i j ) − M 0 − M i ( ξi ) − M j ξ j ,
(38)

where ξ ∼i = {ξ1 , ξ2 , . . . , ξi−1 , ξi+1 , . . . , ξM }, i.e., it represents the set
where the ith variable is excluded. Accordingly, the total variance
of M(ξ ) , denoted by D, is given by

D=

D

M2

 
ξ dξ − M20 .

(39)

We also deﬁne the partial variance that represents the variance of
the response of M when a subset of the uncertainties is perturbed.
The partial variance Di1 ,...,is is computed as

Di1 ,...,is =

1
0

···

1
0

M2i1 ,...,is

1 ≤ i1 ≤ . . . ≤ is ≤ M,




ξi 1 , . . . , ξ i s d ξi 1 . . . d ξ i s ,

s = 1, . . . , M.

(40)

Using the deﬁnitions of partial and total sensitivities, the sensitivity measures can now be deﬁned as

Si1 ,...,is =

Di1 ,...,is
.
D

(41)

The sensitivity measures represent the contribution of a subset of
uncertain parameters {ξi1 , . . . , ξis } to the total variance of a QoI.
Here, we focus on the total Sobol’ indices. The total Sobol’ index of
an uncertain input ξ i is denoted by SiT and deﬁned as

SiT =

Si1 ,...,is .
{i1 ,...,is }⊃i

(42)
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Fig. 8. Dynamic global sensitivity analysis of the four quantities of interest at four different sampling times. Each row represents a quantity of interest and each column a
different sampling time. The sensitivity indices of the uncertain parameters are indicated with different colors. The index for ξ 7 is denoted by red, ξ 8 by green, ξ 10 by blue,
ξ 11 by orange, ξ 19 by purple, and ξ 20 by magenta. Starting from top, the rows represent the concentration c, the cross moment φ 21 , the average length on coordinate 1 (L1 ),
and the average length on coordinate 2 (L2 ). The y-axis values represent the total Sobol’ index for each uncertain parameter. The Sobol’ indices for the other 14 uncertain
parameters are practically zero, so they are not visible in any subplot. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web
version of this article.)

Thus, the estimation of the Sobol index SiT requires the computation of all partial sensitivites for the subsets that involve the input
ξ i . Given that the Sobol’ indices of all parameters sum to 1, the
Sobol index can be obtained from

SiT = 1 − S∼i = 1 − Sv ,

v = {1, . . . , i − 1, i + 1, . . . , M }.

(43)

In general, there is no closed-form solution for the multivariate
integrals in (39) and (40). Instead, these expressions are usually
approximated by MC simulations with a large number of samples.
In this work, we use (43) for the computation of the total Sobol’
indices, where the Sv term is approximated using the Janon estimator Janon et al. (2014), which is also a sample-based method.
Here, we use the sPCK surrogate model trained with 10 0 0 samples
for fast sampling of the system responses for all QoIs at the different sampling times. The dynamic Sobol’ indices for the 20 uncertain parameters in the 2D-PB model are shown in Fig. 8. As can be
seen, only 6 out of 20 parameters have a signiﬁcant impact on the
QoIs. The most inﬂuential parameters include the two kinetic parameters associated with the growth along L1 , which are ξ7 = g1,0
and ξ8 = g1,1 , two kinetic parameters associated with the growth
along L2 , which are ξ10 = g2,0 and ξ11 = g2,1 , the crystal density,
ξ19 = ρc , and the shape factor, ξ20 = kv . At each time instant, the
different QoIs have a unique sensitivity to the uncertain parameters. In addition, the relative importance of the parameters for a
given QoI changes with time. For example, the solute concentration
c is sensitive primarily to the parameters of growth along L1 at the
early stages of crystallization, but becomes increasingly sensitive to
the growth parameters along L2 at later times. Moreover, c is signiﬁcantly sensitive to variations in the shape factor, kv , and crystal density, ρ c . The cross-moment φ 21 exhibits a similar trend as

the solute concentration; however, it is not sensitive to the shape
factor and the crystal density until later stages of crystallization.
Lastly, the parameters pertaining to the dissolution have negligible Sobol’ indices. This is expected since the crystallization occurs
in the domain where S > 1, thus no dissolution occurs. As for the
average crystal lengths, 
L1 and 
L2 are affected by different mechanisms. As expected, the former is more sensitive to perturbations
of parameters related to growth along L1 , while 
L2 to perturbations
of parameters related to growth along L2 . We note that the outcomes of the GSA are dependent on the process input variables.
For example, changing the cooling rate of crystallization could affect the impact of the uncertain parameters on the QoIs.
4.2. Bayesian estimation of model parameters
we focus on the inverse UQ problem that aims at estimating the parameters that affect the QoIs. Bayesian parameter inference attempts to narrow down the uncertainty in these parameters, under some assumption on both prior knowledge about them
and given available experimental measurements. We aim to estimate a subset of the uncertain inputs, i.e., the “important” parameters based on the GSA, which deﬁne a new vector denoted by
ξ n = {ξ7 , ξ8 , ξ10 , ξ11 , ξ19 , ξ20 }.
A new sPCK surrogate model that has ξ n as the stochastic input
is trained using an ED of 250 samples. A validation error below
target = 5 × 10−3 is reached for all QoIs, so no further enrichment
of the ED is needed. For this demonstration, due to the fact that
we do not have actual experimental data, we generate data for
parameter estimation using a “true” computational model whose
n
responses, ξtrue , are corrupted by state-dependent Gaussian mea-
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Algorithm 1 The algorithm for sequential Monte Carlo Liu and
Chen, 1998; Chopin (2002).
0. Initialization: SMC algorithm is initialized
by selecting N p
 
particles. N. Set j = 1 and use the prior f ξ to generate samples
p
{ξ}Ni=1
and set uniform weights wi =

1
Np

1. Reweighting: Based on the likelihood for each realization
  from
the N p particles, update the weights as wi ← wi · w j ξ i , where

 



w j ξ i ∝ f D j | d j |ξ i



2. Resampling: To retain a threshold of effective particles, resamNp
Np
r
ple {ξ i , wi }i=1
to obtain particles with equal weights {ξ i , N1p }i=1

3. Iteration : If j < j f continue to the next sampling time by
N

r

p
setting {ξ i , wi }i=1
← {ξ i ,

1 Np
N p }i=1 ,

set j ← j + 1 and return to step 1.

surement noise. We denote as diw the measurement of quantity w
at time step ti . The available data for the analysis are given,





dic = c ti , ξtrue + Eic ,
φ21

n





i ∈ {1, . . . , nt }
φ21

φ21 ti , ξ
+ Ei , i ∈ {1, . . . , nt }
 n  L1
=
L1 ti , ξtrue + Ei , i ∈ {1, . . . , nt }
 n  
di = 
L2 ti , ξtrue + EiL2 , i ∈ {1, . . . , nt }.

di

=

n
true


diL1

L2

(44)

Thus, at every sampling point, the available data is denoted by
φ21

Di = {dic , di




L


L

, di 1 , di 2 } and the corresponding error vector as E i =


{Eic , Eiφ21 , EiL1 , EiL2 }. We further deﬁne D = {D1 , D2 , . . . , D15 } as the
matrix containing all the measurements and E = {E 1 , E 2 , . . . , E 15 }
as the errors matrix. We model the measurement error as a Gaussian variable with zero mean and state-dependent standard

 devi2
ation, which is 5% of the measured value; Eiw ∼ N 0, σw,i
with
σw,i () = 0.05|w(ti , )|. At the core of Bayesian inference problem lies Bayes theorem that describes how the posterior density
function is estimated given the experimental data. Bayes theorem
is formulated as Kennedy and O’hagan (2001)

f | D

   
 f D|  d | ξ f  ξ
,
ξ|d =
f D (d )



(45)

where f|D (ξ |d) denotes the posterior density of the uncertain parameters after observing the experimental data; The prior density is denoted by f (ξ ); the term fD| (d|ξ ) is the likelihood function; and fD (d) is the so-called evidence or marginal likelihood.
The priors of the uncertain imputs for this problem follow the
same uniform distributions as those presented in Section 3 The
likelihood function is represented by a Gaussian distribution
Raue et al. (2013)





f D|  d | ξ =

nt 
N

i=1 w=1



1
2
2π σw,i

 

  exp −
ξ

 2 
 
.
2 ξ
2σw,i

diw − w ti ; ξ

(46)

The computation of the posterior can be expensive, as closedform solutions exist only in few speciﬁc cases. Therefore, we resort to sequental Monte Carlo (SMC), a sample-based method that
seeks to generate samples from the unknown posterior function
Liu and Chen, 1998; Chopin (2002) In dynamic estimation problems. the SMC method works in an iterative fashion, as summarized in Algorithm 1. We approximate the distributions using Np
particles. At each iteration, the likelihood function has to be sampled for each particle in the simulation to obtain the updated
weight factors. Thus, the computational model M has to be evaluated Np times, which adds a vast computational challenge to the
problem. In fact, the ﬁrst-principles model M needs on average 15
s for a complete time integration For N p = 106 , the model evalua-
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tion would require about 173 days or roughly 2.5 × 105 min. However, using the sPCK surrogate model, this computation is vastly
accelerated. We sample the likelihood function at each jt iteration.
The Np computations at each iteration, including the rest of the
SMC procedure, result in an approximately total time of 10 min
for the posterior density to be estimated. The time needed to generate training data for the 250 samples is approximately an hour.
The training of the sPCK surrogate model using 250 training data
points lasts approximately 65 min. This translates to appriximately
30,0 0 0-fold savings in computation time.
The subplots in the diagonal of Fig. 9 depict the estimates of the
posterior densities (blue), where the prior densities (green, ﬂat) are
superimposed. Within the same plots, the red lines represent the
true value of the parameters while the black lines the mean of the
posteriors. As can be seen, the posterior densities are, in general,
narrower than the priors. Thus, taking the measurements into account greatly reduces the uncertainty of the prior beliefs. However,
this Bayesian inference cannot provide the same level of accuracy
for estimation of all uncertain inputs. For instance, the support of
parameters ξ 7 , ξ 8 ,ξ 10 , ξ 11 is less than half of the corresponding
support of the priors, while this is not true for ξ 19 and ξ 20 . The
most identiﬁable parameter is ξ 8 and the least identiﬁable one
is ξ 20 This observation is consistent with the Sobol’ indices presented earlier. Overall, ξ 7 , ξ 8 ,ξ 10 , ξ 11 attain high Sobol’ index values across the measured QoIs. while ξ 19 , ξ 20 mainly affect only
one QoI, the concentration c. This suggests the QoI distributions
are mainly affected by the parameters that have the greatest inﬂuence on them, reﬂected by the Sobol’ indices. Hence, it is expected
that it is those parameters that are more identiﬁable.
In addition, obtaining the posterior density for the uncertain
parameters allows for a full characterization of the predicted distributions. Fig. 10 shows the approximate distribution of the QoIs
marginalized over the parameters uncertainty. The prior distributions fY (green) represent the probability density functions (pdfs)
of the model QoIs marginalized over the prior parameter distributions. The posterior distributions (blue), fY|D . are updates of the
prior predictive distributions based on the available data. The posterior distributions are obtained by marginalization over the posterior parameters distributions. Similar to the prior and posterior
behavior for the uncertain parameters, the posterior distribution of
QoIs are much narrower their prior distributions. predictive. In fact,
when the true QoIs and the mean of the posterior distributions are
superimposed on the plot, they may become indistinguishable.
4.3. Maximum a posteriori parameter estimation
For this application, we focus on the solution of an optimization
problem where surrogate models are employed for accelerating the
objective function evaluations. The problem involves estimation of
the 20 uncertain parameters via estimating the mean of the posterior distribution as the solution of a maximum a posteriori (MAP)
problem. The MAP problem that takes the form

 
   
ξˆ MAP (d ) = argmax f|D ξ|d = argmax fD| d|ξ f ξ .
ξ ∈D

ξ ∈D 

(47)

This yields the MAP point estimates of the parameters. We re-visit
the original uncertainty inputs space with the 20 parameters and
we assume that
follow a Gaussian distribution
 the uncertainties

so that ξ G ∼ N μG , σG2 . The mean of the Gaussian distribution is
the same as in the case of uniform priors, i.e., the midpoint of the
each respective range, and the standard deviation σ G,i is assumed
G , ξG , ξG
to be 15% of the mean for all parameters except ξ7G , ξ10
19
20
for which σ G,i is 25% of the corresponding mean. The covariance
matrix for the uncertain inputs is considered to be diagonal and is
denoted by Cξ . The prior in (47) is utilized as a regularization term
that adds stability to the solution. The likelihood is assumed to be
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Fig. 9. Prior and posterior distribution of the uncertain parameters. The posteriors are denoted with blue, while the priors with green. The diagonal elements represent
the prior (ﬂat) and posterior marginal densities. The red lines represent the true value of the parameters, while the black lines the mean of the posterior. The off-diagonal
elements represent the 2D projections of the joint probability density. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web
version of this article.)

Fig. 10. Time variation of prior and posterior distribution of QoIs i.e., the model responses marginalized over the prior and posterior parameter distributions, respectively.
Each column represents a different QoI and each row a different sampling time step, with descending order. The prior distributions are denoted by green and the posterior
by blue. The black line represents the mean of the posterior distribution (point estimate). Some marginals posteriors are so narrow that are practically indistinguishable from
the point estimates. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

Gaussian with a time-averaged state dependent variance, so that
each diagonal element in the covariance matrix for the responses
nt

wi

is CY (w, w ) = 0.05|
|, where w = 1, . . . , N and corresponds to
the QoIs.
Under the Gaussian assumptions, the MAP optimization problem is converted to a regularized weighted least-squares problem,
i=1
nt

which is deﬁned as


ξ

MAP


 
  
(d ) = argmin − log fD| d|ξ − log f ξ .
ξ ∈D 

(48)

The log-likelihood function in (48) includes the inverse of both
Cξ and CY . If the diagonal of those matrices contains extremely
small values, then they are ill-conditioned and their inversion may
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be inaccurate. This can happen if the unscaled parameters and
model outputs are used. Since the priors have been considered to
be Gaussian here, we re-construct the surrogate models. As sPCK
and sPC surrogate models perform similarly (as shown by the error convergence plots Figs. 3 and 4), we employ the latter for this
problem. The main motivation behind this choice is that the QoI
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evaluations with sPC is faster than with sPCK, which involves the
inversion of the correlation matrix at each evaluation. The estimation problem is solved using the CMAES method of \texttt{UQLab}.
The solution of the optimization problem is performed in approximately 3.2 min. We also look to analyze the reliability and errors
of these results. This is achieved by computing conﬁdence inter-

Fig. 11. Estimates of the posterior Gaussian distributions of the 20 uncertain parameters estimated via MAP. The diagonal elements represent the marginal densities of the
priors (green) and posteriors (blue), while the off-diagonal sub-plots show the projected MAP estimates (pair-wise) along with the 95% conﬁdence intervals. At the diagonal
elements, where only the green Gaussian distribution is shown, the posterior coincides exactly with the prior and this it is not visible. (For interpretation of the references
to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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vals around the estimations, as shown in Fig. 11. We employ
 the
Laplace approximation of the log posterior − log fD| d|ξ with
a quadratic function from a second order Taylor expansion around
the predicted mean. The ellipses drawn around the predicted mean
are the 95% conﬁdence intervals based on the chi-squared distribution. Press et al. (1992). Overall, the predicted MAP estimates are
within the desired conﬁdence intervals. The most important conclusion that can be drawn based on Fig. 11 is that the sensitivities
of QoIs once again dictate which parameters are expected to be
identiﬁable under the observation of the speciﬁc data. The juxtaposed prior and posterior distributions reveal that the optimizer
has differentiated the prior and posterior distributions of the parameters with non-negligible Sobol’ indices, which are the 6 parameters used in the Bayesian estimation problem. The other parameters have the same priors and posteriors, as expected from the
prior regularization term that exists in the objective function. Furthermore, the MAP estimates do not reduce the uncertainty of the
priors signiﬁcantly, even on the identiﬁable parameters, especially
when compared to the results of Bayesian inference. Nevertheless,
the MAP estimation can be useful as a ﬁrst step towards more sophisticated Bayesian inference.
5. Conclusions and future work
Surrogate modeling has shown great promise for substituting expensive, high-ﬁdelity models with cheap-to-evaluate surrogates. Surrogate models can be especially useful for performing simulation and decision-making tasks that, for example, hinge
on the solution of models consisting of partial differential equations Tripathy and Bilionis (2018), large-scale biochemical reaction network models Renardy et al. (2018), genome-scale models
Kumar and Budman (2017); Paulson et al. (2019a), and closed-loop
control simulations Paulson and Mesbah (2018b). As such, surrogate models facilitate fast uncertainty quantiﬁcation in a variety of
forward propagation and estimation problems. This paper focused
on polynomial chaos-based and Kriging-based surrogate modeling
methods, investigating UQ of a two-dimensional population balance model for batch cooling crystallization of ibuprofen under parameter uncertainty.
It is well-known that the truncation order of polynomial chaos
expansions can grow very quickly with the increasing order of basis functions and a larger number of uncertain inputs, severely
limiting the utility of polynomial chaos for UQ. Our analysis
showed that inducing sparsity through basis-adaptive least-anglesregression is particularly effective for circumventing the curse of
dimensionality of polynomial chaos expansions, while systematically accounting for the availability of a limited set of training data.
Furthermore, it was shown that representing the trend term of
Kriging surrogate models by sparse polynomial chaos expansions
(i.e., sparse polynomial chaos-Kriging) not only improves the global
approximation accuracy of Kriging, but also enables quantiﬁcation
of the local uncertainty of surrogate model predictions. Finally,
we demonstrated that sparse polynomial chaos- and Kriging-based
surrogate models can lead to signiﬁcant computational speedups in
UQ tasks such as Bayesian parameter estimation. Thus, the methods investigated in this work hold promise for creating new opportunities for probabilistic uncertainty quantiﬁcation of complex
dynamical systems.
Nonetheless, there are several important open challenges in
polynomial chaos-based surrogate modeling that warrant further research. In this work, we adopted a time-frozen surrogate modeling approach Mai and Sudret (2017), where a separate surrogate model is constructed independently at each time
instant for each QoI. This time-frozen approach can however
fail in surrogate modeling of more complex dynamical systems,
for example, systems with oscillatory response Mai and Su-

dret (2017) Gerritsma et al. (2010). To this end, several approaches have recently been investigated for constructing timedependent surrogate models, including stochastic time wrapping
Mai and Sudret (2017) and nonlinear autoregressive exogenous
models Spiridonakos and Chatzi (2015).
Finally, improved sampling for training of surrogate models
is an area of active research. Sampling methods such as Monte
Carlo or Latin Hypercube are commonly used to generate training data, but do not follow any optimality measure. Optimal
sampling methods can minimize the size of experimental design needed for surrogate model training, thus signiﬁcantly enhancing the computational eﬃciency of building surrogate models (e.g., Hampton and Doostan (2015); Paulson et al., 2017, 2019;
Sinsbeck and Nowak (2015)). Most optimal sampling methods are
however tailored to speciﬁc surrogate modeling techniques, or suffer from limited scalability to large uncertainty dimensions, warranting further research in this area.
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